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BOURGAIN ALGEBRAS, MINIMAL ENVELOPES,
MINIMAL SUPPORT SETS, AND SOME APPLICATIONS
CARROLL J. GUILLORY
Abstract. We explicitly compute certain Douglas algebras that are invariant un-
der both the Bourgain map and the minimal envelope map. We also compute the
Bourgain algebra and the minimal envelope of the maximal subalgebras of a certain
singly generated Douglas algebra.
1. Introduction
Let H∞ be the Banach algebra of bounded analytic functions on the open unit
disk D. By considering boundary functions, we may regard H∞ an an essentially
supremum norm-closed subalgebra of L∞ = L∞(∂D). A closed subalgebra between
H∞ and L∞ is called a Douglas algebra. H∞ + C is the smallest Douglas algebra,
where C is the space of continuous functions on ∂D. The Chang-Marshall theo-
rem [Ch, Ma] says that every Douglas algebra B is generated by H∞ and complex
conjugates of interpolating Blaschke products ψ with ψ¯ ∈ B. We denote byM(B) the
maximal ideal space of B. Then we may consider that M(L∞) ⊂ M(B) ⊂ M(H∞)
and M(L∞) is the Shilov boundary for every Douglas algebra B. For a point x
in M(H∞), there is a representing measure µx on M(L
∞); f(x) =
∫
M(L∞)
f dµx for
every f ∈ H∞. A Douglas algebra B with A ( B is called a minimal superalgebra
of A if there are no Douglas algebras B′ such that A ( B′ ( B. In [GI1], the authors
proved that if A and B are Douglas algebras with A ( B, then B is a minimal
superalgebra of A if and only if supp µx = suppµy for every x, y ∈M(A) \M(B).
Let Y be a Banach algebra with identity and let B be a closed subalgebra of Y .
The Bourgain algebra Bb of B relative to Y is defined by the set of f in Y such that
‖ffn + B‖ → 0 for every sequence {fn}n in B with fn → 0 weakly. In this note,
we consider Y = L∞ and B a Douglas algebra. In [CJY], Cima, Janson, and Yale
proved that H∞b = H
∞ + C. Gorkin, Izuchi, and Martini [GIM] studied Bourgain
algebras of Douglas algebras and proved that (Bb)b = Bb. We denote by Bm the
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smallest Douglas algebra which contains all minimal superalgebras of B. We call Bm
the minimal envelope of B. We have B ⊆ Bb ⊆ Bm.
A sequence {zn}n in D is called interpolating if for every bounded sequence {an}n
there exists f in H∞ such that f(zn) = an for every n. A Blaschke product
ψ(z) =
∞∏
n=1
−z¯n
|zn|
z − zn
1− z¯nz
, z ∈ D
is called interpolating if its zeroes {zn}n is interpolating. For a function f in H
∞ we
put Z(f) = {x ∈M(H∞+C) : f(x) = 0}. For x ∈M(H∞) we denote by supp µx the
support set for the representing measure µx. For a subset E of M(L
∞) we denote by
clE the closure of E in M(L∞). Put E =
⋃
{suppµx : x ∈M(H
∞+C), |q(x)| < 1}
where q is an interpolating Blaschke product. Then N(q¯) = clE. A closed set E in
M(L∞) is called a peak set for a Douglas algebra B if there is a f ∈ B such that
f = 1 on E and |f | < 1 on M(L∞) \ E. A closed set E in M(L∞) is called a weak
peak for B if E is the intersection of some family of peak sets. If E is a weak peak
set for B, then the set
BE = {f ∈ L
∞ : f |E ∈ B|E}
is a Douglas algebra. The sets supp µx and N(q¯) are weak peak sets for H
∞, hence
H∞suppµx andH
∞
N(q¯) are Douglas algebras. A point x ∈ Z(q), where q is an interpolating
Blaschke product, is called a minimal element for H∞[q¯] if there is no y /∈M(H∞[q¯])
such that supp µy ( suppµx; that is, if y /∈M(H∞[q¯]), then either supp µy∩supp µx =
∅ or supp µx ⊆ supp µy. We put
Ex = {λ ∈M(H
∞) : suppµλ = suppµx}
and call Ex the level set of x. For x, y in M(H
∞), we put
ρ(x, y) = sup{|f(y)| : f ∈ H∞, ‖f‖∞ ≤ 1, f(x) = 0} .
The set
P (x) = {λ ∈ M(H∞) : ρ(λ, x) < 1}
is called the Gleason part containing x. We have P (x) ⊂ Ex, and if x ∈ M(B) then
Ex ⊂ M(B). The map that assigns the algebra Bb to a Douglas algebra B is called
the Bourgain map and the map that assigns Bm to B is called the minimal envelope
map.
A point x ∈ M(H∞) is called locally thin if there is an interpolating Blaschke
product q such that q(x) = 0 and
(1− |zn(α)|
2)|q′(zn(α))| → 1
whenever zn(α) is a subnet of the zero sequence {zn}n of b in D converging to x. We
say that q is locally thin at x.
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We say that a minimal support point x of a Douglas algebra B corresponds to the
maximal subalgebra Ax if it satisfies the equation
M(Ax) =M(B) ∪ Px or M(Ax) =M(B) ∪ Ex .
We put QC = (H∞ + C) ∩ (H∞ + C). Then
QC = {f ∈ H∞ + C : f |suppµx is constant for every x ∈ M(H
∞ + C)} .
For x ∈M(L∞), the set
Q = {y ∈M(L∞) : f(y) = f(x) for every f ∈ QC}
is called a QC-level set. For every y ∈ M(H∞ + C), there is a QC-level set Qy such
that supp µy ⊂ Qy. For any interpolating Blaschke product q set
mq = {x ∈M(H
∞ + C) : x is a minimal support point of H∞[q¯]} .
In this paper we give examples (Theorem 1 and Theorem 2) of Douglas algebras
that show that the Bourgain algebra of the arbitrary intersection of Douglas algebras
does not equal the intersection of their corresponding Bourgain algebras. Theorems 1
and 2 also show that this is true for the minimal envelopes. We also compute the
Bourgain algebra and the minimal envelope of certain maximal subalgebras. Finally
we give two applications of minimal support points of certain interpolating Blaschke
products.
All of the work in this paper was done while the author was at the Mathematical
Science Research Institute. The author thanks the Institute for its support during
this period.
Lemma 1. Let q be an interpolating Blaschke product that is of type G, and such
that Z(q) ∩ Px is a finite set for all x ∈ Z(q). Then each x ∈ Z(q) is a locally thin
point.
Proof. Since q is of type G and the set Z(q) ∩ Px is finite there is a factor q0 of q
such that Z(z0)∩Px = {x}. Hence H
∞
suppµx [q¯0] is a minimal superalgebra of H
∞
suppµx .
Hence H∞suppµx ⊂ (H
∞
suppµx)b and so by Theorem 5 of [MY] we have that x is a locally
thin point.
Lemma 2. Let B = H∞suppµy , where y is a trivial point. If B ⊂ Bm, then there is an
interpolating Blaschke product q and an x0 ∈ Z(q) such that suppµx0 = suppµy.
Proof. If B ⊂ Bm, then by Theorem D of [GI2] there is an interpolating Blaschke
product q such that B[ψ¯] is a minimal superalgebra of B. Hence suppµy is a minimal
support set of H∞[ψ¯]. By Theorem 2 of [Gu] there is an x0 ∈ Z(ψ) such that
suppµx0 = suppµy.
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It would be nice if we could prove that the converse of Lemma 2 is true. I have
been unable to do so. There are special cases when the converse holds.
Theorem 1. Let q be a sparse interpolating Blaschke product and set B = H∞N(q¯).
Then B = Bb = Bm.
Proof. First we have by Theorem C of [GI3] that there is an interpolating Blaschke
product ψ (if B ⊂ Bb) such that Z(ψ) ∩M(B) = {x}, and M(B) = M(B[ψ¯]) ∪ Px
for some x in M(B). Since N(q¯) = N0(q¯), by Proposition 1 of [GI1] we have that
B =
⋂
y∈Z(q)H
∞
supp µy . We will show that there is a y ∈ Z(q) with y ∈ Px. Once this is
done then we have that Px = Ex for all x ∈M(B) and all ψ with Z(ψ)∩M(B) = {x}.
Thus both Bb and Bm are generated by the same minimal superalgebras and we have
Bb = Bm (see Theorem D of [GI3]).
To see that such a y exists, note that if x ∈ M(B) then by [Ga], p. 39, supp µx ⊂
N(q¯). By Theorem 1 of [Iz] there is a y ∈ Z(q) such that suppµx ⊂ Qy. We
show that y ∈ Px. Since q is sparse we have that y is unique (Lemma 4 of [Iz]),
suppµy ⊂ Qy, and supp µy is a maximal support set. Thus we have three possibilities:
(1) suppµx ( supp µy, (2) supp µx ∩ suppµy = ∅, and (3) supp µx = supp µy. We
show that (3) holds.
Suppose (1) holds. Then by Theorem 2 of [GI2] there is an uncountable set Γ ⊂
Z(ψ) such that supp µm ⊂ supp µy for all m ∈ Γ, and supp µm ∩ supp µn = ∅ for
n,m ∈ Γ for n 6= m. This implies that Z(ψ) ∩M(B) is an infinite set, which is a
contradiction. So (1) cannot hold.
Now suppose (2) holds. Then supp µx ∩ supp µy = ∅, hence ψ¯ ∈ H∞suppµy . But
Z(ψ) ∩M(B) = {x} implies that ψ¯ ∈ H∞suppµm for all m ∈ Z(q). This implies that
ψ¯ ∈ B, another contradiction. So (3) must hold. Since q is sparse this implies that
x ∈ Py (or y ∈ Px).
Since such a y exists we have that B ⊂ B[ψ¯] ⊂ B[q¯]. We’re going to show that
B[ψ¯] cannot be a minimal superalgebra of B. Consider the algebras B[q¯] and H∞[q¯].
Theorem 3.2 of [GI4] shows that any subalgebra A of H∞[q¯] is the intersection of a
family of maximal subalgebras of H∞[q¯]. Since the set
⋃
y∈Z(q)
Py
is the set of minimal support points of both B[q¯] and H∞[q¯], we can use the same
proof of Theorem 3.2 to show that any subalgebra A of B[q¯] is also the intersection
of a family of maximal subalgebras of B[q¯]. For m ∈ Z(q) set Bm = B[q¯] ∩H
∞
suppµm .
Then we have that
B =
⋂
m∈Z(q)
Bm
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and if H∞m = H
∞[q¯] ∩H∞suppµm , then
H∞ + C =
⋂
m∈Z(q)
Hm .
Hence if y ∈ Z(q) such that y ∈ Px, then M(B) =M(B[ψ¯]) ∪ Py, and we get that
B[ψ¯] =
⋂
m∈Z(q)
m6=y
Bm .
Thus if B[ψ¯] is a minimal superalgebra of B, then the algebra
A∗ =
⋂
m∈Z(q)
m6=y
H∞m
is a minimal superalgebra ofH∞+C. This is impossible since H∞+C has no minimal
subalgebra ((H∞+C)b = H
∞+C). Hence B[ψ¯] is not a minimal superalgebra for B.
We get B = Bb = Bm.
Theorem 2. Let q be an interpolating Blaschke product and set m˜q = {y ∈ mq :
suppµy = supp µt, t is a trivial point}. Set T =
⋂
y∈m˜q
H∞suppµy . Then T = Tb. If
m˜q = mq then T = Tm.
Proof. Suppose T 6= Tb. Then by Theorem C of [GI3] there is an interpolating
Blaschke product ψ such that Z(ψ) ∩ M(T ) = {y0}. By Theorem 1 of [GI1] we
have M(T ) = M(T [ψ¯]) ∪ Py0 and y0 is a minimal support point of H
∞[ψ¯]. By
Proposition 6 of [MY], (H∞suppµy0 )b = H
∞
suppµy0
[ψ¯]. So by Theorem 5 of [MY], y0 is
a locally thin point. We show that this is not the case by showing that there is an
x0 ∈ m˜q with suppµx0 = suppµy0 . Suppose that supp µy0 6= supp µx0 for all x0 ∈ m˜q.
Then for each x0 ∈ m˜q one of the following can occur: (i) supp µx0 ( supp µy0,
(ii) suppµx0 ∩ suppµy0 = ∅, or (iii) suppµy0 ( suppµx0. We will show that none of
these can actually happen. If (i) is true, then |ψ(x0)| = 1 implies that ψ¯ ∈ H
∞
suppµx0
since y0 is a minimal support point. If (ii) is true for all x0 ∈ m˜q then again ψ¯ ∈
H∞suppµx0 . So if (i) or (ii) happens for all x0 ∈ m˜q, then ψ¯ ∈ T , which implies that
T [ψ¯] = T . So Tb = T here. Now if (iii) happens, then by Theorem 2 of [GI2] there
is an uncountable set Γ ⊂ Z(ψ) such that supp µα ( supp µx0 for all α ∈ Γ and
suppµα∩ supp µβ = ∅ if α 6= β and α, β ∈ Γ. Since x0 ∈M(T ), each α ∈ Γ is also in
M(T ). Thus Γ ⊂ Z(ψ)∩M(T ). This implies that Z(ψ)∩M(T ) 6= {y0}, which leads to
a contradiction. So (iii) cannot hold for any x0 ∈ m˜q. So if there is a y0 ∈ M(T )∩Z(ψ)
such that T [ψ¯] is a minimal superalgebra for T , then there is an x0 ∈ m˜q with
suppµy0 = supp µx0. This implies that (H
∞
suppµy0
)b = (H
∞
suppµy0
)b = H
∞
suppµx0
[ψ¯]. By
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the remark following Theorem 5 of [MY] we have that x0 is not a locally thin point.
So no such y0 exist and we have T = Tb.
To show that T = Tm if m˜q = mq we proceed as follows. By the argument above,
if T 6= Tm there is a x0 ∈ m˜q such that {λ ∈ M(T ) : |ψ(λ)| < 1} = Ex0 , y0 ∈ Ex0,
and {y0} = Z(ψ) ∩M(T ). We show that this is a contradiction by showing the set
Z(ψ)∩ m˜q contains an uncountable set. This will suffice since m˜q ⊂M(T ). Without
loss of generality we can assume that if x, y ∈ m˜q, x 6= y, then suppµx∩supp µy = ∅.
Let {zn}
∞
n=1 be the zero sequence of q in D. Then there is a subnet {znα}α∈A such
that znα → x0. Let ǫ > 0 and set B = A \ {nα : |ψ(znα)| > 1− ǫ}. Since |ψ(x0)| < 1
and the subnet {|ψ(znα)|} converges to |ψ(x0)|, there is an α0 ∈ A such that if
α ≥ α0, we have nα ∈ B. Hence if α1 > α0 we have that |ψ(znα)| < 1 − ǫ for all
α ≥ α1. Take the subnet {znα}α∈B. Then on the set {znα}α∈B \ {znα}α∈B we have
that |ψ| < 1 − ǫ. Take a subsequence {znk} of the subnet {znα}α∈B. Let q0 be the
factor of q with zero sequence {znk}. Then Z(q0) = {znk} \ {znk} and |ψ(u)| < 1
for all u ∈ Z(q0). By Theorem 2 of [GI1] there is an uncountable set Γ ⊂ Z(q0)
such that Γ ⊂ m˜q. By Theorem 2 of [GI1] we can assume that if α, β ∈ Γ, α 6= β,
then supp µα ∩ supp µβ = ∅. For each α ∈ Γ there is an xα ∈ Z(ψ) such that
suppµxα ⊆ supp µα. This implies that xα ∈M(T ) since M(T ) =
⋃
y∈m˜q
M(H∞supp µy).
Thus we have that xα ∈ Z(ψ)∩M(T ). So the set Z(ψ)∩M(T ) is uncountable. This
shows that T = Tm.
Both Bb and Bm are generated by a special type of minimal superalgebras (deter-
mined by the character of the minimal support point).
Under certain conditions we can determine the Bourgain algebras and the minimal
envelope algebras of maximal subalgebras of a Douglas algebra B (here B will have
a maximal subalgebra).
Theorem 3. Let B be a Douglas algebra such that Bb[q¯] = B[q¯] or Bm[q¯] = B[q¯] for
some interpolating Blaschke product q. Let Ax be the maximal subalgebra of B[q¯] for
which x is the corresponding minimal support point of B[q¯]. Then either:
(i). Ax ⊂ (Ax)b and (Ax)b = (Ax)m = B[q¯], or
(ii). Ax = (Ax)b and (Ax)m = B[q¯].
Proof. By using Theorem 3 of [MY], Theorem 3 of [GIM], and Theorems 4 and 5
of [GI3], our hypothesis implies that B[q¯] = (B[q¯])b = (B[q¯])m.
Now let Ax be any maximal subalgebra of B[q¯] associated with the minimal support
point x. First we assume that x is a locally thin point (see Theorem 5 of [MY]). Then
the maximal ideal space of B[q¯] and Ax are related by the equation
M(Ax) =M(B[q¯]) ∪ Px .
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Then B[q¯] is a minimal superalgebra of Ax, hence B[q¯] ⊆ (Ax)b. Now, using Theo-
rem 3 of [MY] again, we get
B[q¯] = (B[q¯])b
= (Ax[q¯])b
= (Ax)b[q¯]
= (Ax)b since q¯ ∈ (Ax)b .
Similarly B[q¯] = (Ax)m = (Ax)b if x is a locally thin point. This proves (i).
Now suppose that x is not a locally thin point (for example, Px is not a homeo-
morphic disk, see [Ga]). Then M(Ax) and M(B[q¯]) are related by
M(Ax) =M(B[q¯]) ∪ Ex
with Px ( Ex (or Z(q) ∩ Px has infinitely many points). Using Theorem 4 of [GI3]
we have
B[q¯] = (B[q¯])m
= (Ax[q¯])m
= (Ax)m[q¯] by Theorem 4 of [Gu]
= (Ax)m since q¯ ∈ (Ax)m .
Now, for any Douglas algebra A we have that A ⊆ Ab ⊆ Am. Thus
Ax ⊆ (Ax)b ( B[q¯] = (Ax)m .
Since Ax is a maximal subalgebra of B[q¯], we have that Ax = (Ax)b if x is not locally
thin. This proves (ii).
Corollary 1. Let q be any interpolating Blaschke product and set B = H∞[q¯]. Let
Ax be any maximal subalgebra of B that corresponds to the minimal support point
of B. Then either
(i). Ax ⊂ (Ax)b and (Ax)b = (Ax)m = B, or
(ii). Ax = (Ax)b and (Ax)m = B.
Corollary 2. Let A be any Douglas algebra such that A = Ab or A = Am, and let q
be any interpolating Blaschke product such that q¯ /∈ A. Set B = A[q¯] and let Bx
be any maximal subalgebra of B corresponding to the minimal support point of A[q¯].
Then either
(i). Bx ⊂ (Bx)b and (Bx)b = (Bx)m = B, or
(ii). Bx = (Bx)b and (Bx)m = B.
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Theorem 4. Let B be a Douglas algebra that has a maximal subalgebra Ax, where x
is the minimal support point of B corresponding to Ax. Then (Ax)m = Bm.
Proof. By Theorem 4 of [GI3] we have that (Ax)m ⊆ Bm since Ax ⊆ B. Since Ax
is a maximal subalgebra of B there is an x0 ∈ M(A) \M(B) and an interpolating
Blaschke product ψ0 such that
M(Ax) =M(A[ψ¯0]) ∪ Ex0
=M(B) ∪ Ex0 .
So by Theorem D of [GI3] we have B ⊆ (Ax)m. If B0 is another minimal superalgebra
containing Ax, then there is some y0 ∈ M(Ax) such that M(Ax) = M(B0) ∪ Ey0 .
Hence we have that B0 ⊆ (Ax)m and y0 ∈M(B), otherwise Ey0 = Ex0 . To show that
Bm ⊆ (Ax)m, let ψ be any interpolating Blaschke product such that ψ¯ ∈ Bm. Then
by Theorem D of [GI3] we can assume that
{λ ∈M(B) : |ψ(λ)| < 1} = Ex
for some x ∈M(B). But
{m ∈M(Ax) : |ψ(m)| < 1} = Ex ∪ {m ∈M(Ax) : |ψ(m)| < 1} ∩ Ex0 .
The set on the right hand side is either Ex or Ex∪Ex0 . Hence by Theorem 4 of [GI3]
we have that ψ¯ ∈ (Ax)m. Hence Bm ⊆ (Ax)m.
For (Ax)b we have the following special result if we assume an additional assump-
tion.
Theorem 5. Let B be a Douglas algebra that has a maximal subalgebra Ax, where
x is the minimal support point of B corresponding to Ax. Assume that Px is a
nonhomeomorphic disk. Then (Ax)b ( Bb.
Proof. Since B ⊆ Bb and (Ax)b ⊆ Bb, it suffices to show that B * (Ax)b. Since Ax is
a maximal subalgebra of B corresponding to x, by Theorem 1 of [GI1] we have
M(Ax) =M(B) ∪ Ex .
Note that Px ⊂ Ex. Hence if ψ is any interpolating Blaschke product, we have by
Corollary 1.5 of [GLM] the set M(Ax) ∩ Z(ψ) ⊇ Px ∩ Z(ψ) is an infinite set. By
Theorem 2 of [GIM], ψ¯ /∈ (Ax)b. Hence B * (Ax)b.
The following two propositions on minimal support points seem to indicate that
the sets given in them are smaller in some sense than the set in the following two
well-known facts.
Fact 1. Let B be any Douglas algebra. Then an interpolating Blaschke product q is
invertible in B if and only if Z(q) ∩M(B) = ∅.
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Fact 2. For any Douglas algebra B we have
B =
⋂
x∈M(B)
H∞suppµx .
Proposition 1. An interpolating Blaschke product q in invertible in a Douglas alge-
bra B if and only if M(B) ∩mq = ∅.
Proof. By Theorem 2 of [GI1] we have that mq ⊆ Z(q), hence if mq ∩M(B) 6= ∅
then q¯ /∈ B.
To prove the converse, suppose q¯ /∈ B. Then by Fact 1, Z(q)∩M(B) 6= ∅. By the
proof of Theorem 2 of [GI1], there is a y0 ∈ Z(q) such that supp µy0 ⊆ supp µx for any
x ∈ Z(q) ∩M(B) and y0 ∈ mq. Since x ∈M(B) we have that M(H
∞
supp µx) ⊂M(B).
Since M(H∞supp µx) = M(L
∞) ∪ {λ ∈M(H∞ + C) : supp µλ ⊆ supp µx} we have that
y0 ∈ M(B). Hence mq ∩M(B) 6= ∅.
Let B be any Douglas algebra and set mq(B) = mq ∩M(B). Let
MB =
⋃
{mq(B) : q is an interpolating Blaschke product, q¯ /∈ B} .
Let Γ(B) = {xα}α∈Λ be the family of all minimal support points from MB such that
suppµxα ∩ supp µxβ = ∅ if α 6= β. Then
Proposition 2. B =
⋂
xα∈Γ(B)
H∞suppµxα .
Proof. If x ∈ MB , then there is an xα ∈ Γ(B) such that suppµxα = supp µx. So it
suffices to show that
B =
⋂
x∈MB
H∞supp µx .
Set B0 =
⋂
x∈MB
H∞supp µx . Since MB ⊆ M(B), by Fact 2 we have that B ⊆ B0.
Suppose B ( B0. Then by the Chang-Marshall Theorem [Ch, Ma] there is an
interpolating Blaschke product q such that q¯ ∈ B0 but q¯ /∈ B. Hence there is a
y ∈ M(B) such that q(y) = 0. Hence q¯ /∈ H∞suppµy . By Theorem 2 of [GI1] (or
Proposition 1) there is a y0 ∈ Z(q) such that suppµy0 ⊆ supp µy and y0 ∈MB. This
implies that q¯ /∈ H∞suppµy0 , so q¯ cannot be invertible in B0. Thus B0 = B. We are
done.
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